Introduction
In the present paper we shall oonsider the problems of uniqueness and existence of the solutions of the boundary value problems for the equationst (1) Lu(x) « f(x), (1a) Lu(x) = f(x,u(x)), The results of this paper were presented during the 3rd Symposium on Integral Equations and Their Applications held at the Technical University of Warsaw, December 3-6, 1984. (2), (2a), B^ (i=1.,4), Cit D^ (i=0,1.,7), , h2, h being constante. All the solutions of the boundary value problems are given with the help of the respective Green's funotions.
Theorems on uniqueness
Let Z = {(x,u):x6J, |u|^r|, r being a positive constant* Definition 1.
Denote by (?) the class of all functions f(x,u) for whioh the funotions D*f(x,u), i*=0,1, are oontinuous in Z. Theorem 1. Let 1° u^ (i=1,2) be the solutions of the boundary value problems (1), (3)-(l), (6) and (1a), (3)-(1a), (6) of class C 2 (J)n C 1 (J), 2° the funotion q(x) is continuous and positive in J, 3° h^O, hg^O, 4° h^O, 5° the function f(x,u) e (P) and Duf(x,u)> 0 for (x,u)e Z.
Then: (I) if the assumptions 1°, 2°, are satisfied, then for the boundary value problem (1), (3); (1), (4) we have u.j = u2 for x € J, (II) if the assumptions 1°, 2°, 3° are satisfied, then for the boundary value problem (1), (5) we have u^s Ug for X 6 J, (III) if the assumptions 1°, 2°, 4° are satisfied, then for the boundary value problem (1), (6) we have u^ u^ for x e J, (IV) if the assumptions 1°, 2°, 5° are satisfied, then for the boundary value problems (1a), (3) and (1a), (4) we have
Ug for x e J, (V) if the assumptions 1°, 2°, 3°, 5° are satisfied, then for the boundary value problem (1a), (5) we have u1s u^ for x e J, -744 - By the mean-value theorem there exists a function u = a 1 (x)+t(u 1 (x)-ia 2 (x)), te (0,1), such that fix.U^xD-fix.Ugix)) -{^(xJ-OgtxJjD^ix.u).
Henoe by (10) we get
From (7)- (9) we obtain the assertion (I)-(III) respectively and from (11) (for i=1,2,3) we get the assertion (IV)-(VI), respectively. Theorem 2. Let 1° u^ (i=1,2) be the solutions of the boundary value problem (2), (3)- (2), (6) Hence by (15) we get
a From (12$), (13), (14) we obtain the assertions (I), (II), (III), respectively, and from (16) (for i-1,2,3) we get the assertions (IV), (V), (VI), respectively. Remark 1.
The existence of the solution of all boundary-value problems is the subjeot of Section 4* 3. Green's functions and its properties Let i^, i-1,2, be arbitrary linearly independent integrals of the homogeneous equations (1b) Lu(x) -0 for x e j.
-
Let W(x) denote the Wronski determinant of the integrals U^, i=1,2. By [2] , p.246, the fundamental eolation of the equation (1b) is the following function and H(x,t) . (2W(t))" 1 det
for x>t for x<t.
By [2] , p.249, Green's funotions for the boundary problems (1), (3)-(l), C6) are the funotions Gĵ (1=0,1,2,3) of the form
where
If q e C(J) and q >0, then every non trivial integral ue C 1 (J)n C 2 (J) of the equation (1to) takes the value zero at most one point in J and the function u^O takes its infimum and supremum only at the points a,b.
We omit the simple proof of the known maximum principle.
Since the existence interval is the open interval J, we shall suppose in the sequel that the existence interval (A,B) contains the interval J.
By Lemma 1 we obtain the following lemma. x,y) -J G i (x,t)G i (t,y)dt, i=0,1,2,3 . a We omit the simple proof* 4. Construction of the solutions of (1),(3)-(1), (6) problems We will reduoe the boundary problems (1), (3)-(D, (6) to the boundary value problems with homogeneous boundary data. (1), (3)-(1), (6) . The proof of Theorem 4 is similar to the proof of Theorem 3.

Now we shall give theorems on the existence of the solutions of boundary value problems (17), (18)-(17), (20) or
-756 -6. The construction of the solutions of problems (2), (3a)- (2) . (6a) Ve will reduoe the boundary problems (2), (3a)- (2), (6a) to the boundary value problems with homogeneous boundary data.
Let W^x) Uj^xJ+P^x), 1=0,1,2,3, where the functions u^ are the solutions of the boundary value problems (2), (3a)- (2), (6a) respectively and the funotions P^(x) are the convenient polynomials of third and fourth order.
The functions w^ satisfy the following equation The proof of Theorem 7 is similar to the proof of Theorem 3.
From Theorems 2 and 7 ve obtain the fundamental theorem* Theorem 8* If the assumptions of Theorems 2 and 7 are satisfied, then the functions u » » i«0,1,2,3, are the unique funotlons whioh satisfy the equation (2a) and boundary conditions (3a)-(6a) respectively.
